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Abstract-A four-state, ergodic Markov chain is used to model a T-junction on a narrow, two-lane, major 
road. The states are defined more realistically than by previous authors. A formula is obtained for the 
proportion of traffic configurations in which cars travelling one way are brought to a halt by those turning 
left onto the minor road. This formula is obtained as a function of four parameters: the mean traffic flows 
in each direction. the probability that a car on the major road will turn left at the junction and the 
minimum time gap. in the oncoming flow of traffic, which that manouevre requires. If this proportion is 
higher than is deemed acceptable, then a left-turn is needed. 
1. MATHEMATICAL MODEL 
Consider a T-junction on a narrow, two-lane road. As shown in Fig. 1, the main road runs from 
north to south, with the minor road leaving to the west. Let E, denote the mean traffic flow from 
north to south, expressed as number of cars per second, and let p denote the corresponding flow 
from south to north. Let a denote the probability that one of these northbound cars will turn left 
at the junction, hence 1 - a is the probability that it will continue forward. Let T be the minimum 
time gap in the southbound traffic flow which will allow a northbound car to turn left (assumed 
the same for all cars): because T is a time, as opposed to a distance, it is immaterial whether a 
southbound car turns right or goes forward at the junction. Let 6, denote the proportion of traffic 
configurations (to be defined) in which it is acceptable for the northbound flow to be brought to 
a halt behind cars turning left. Then we will derive an explicit expression for the quantity Do., p, a, T), 
such that a left-turn lane is needed if D > 6,. 
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Fig. 1. Plan of a T-junction. See the text for details. 
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We will assume throughout that drivers joining the main road at the junction (from the west) 
interrupt neither the northbound nor southbound flow, but rather enter the main stream of traffic 
whenever it is completely clear for them to do so. We will also assume that drivers act responsibly, 
so that southbound cars are not impeded by drivers turning left when it is dangerous to do so. It 
is then reasonable to model the approach of southbound cars as a Poisson process, with an average 
of i.t arrivals in an interval of length t seconds. Let the random variable S denote the time gap in 
seconds between southbound cars. Then the distribution of S is given by 
prob(S>s)=e-““, O<s<co (I) 
[e.g. 1, Chap. 51. Similarly, if the random variable N denotes the time gap in seconds between 
northbound cars when the northbound lane is clear, or far from the junction if not, then it is 
reasonable to assume that 
prob(N>n)=e-““, O<n<co. (2) 
Now suppose that a northbound car has reached the T-junction and is about to turn left; in Fig. 
1, it has just crossed the solid bar labelled “0,l”. Let the random variables S, , S,, S3,. . denote 
the sequence of time gaps in the southbound flow which confronts this driver; and let qj be the 
probability that the driver enters the minor road during the jth gap. Then, since the gaps are 
independent, we deduce from equation (1) that 
qj = prob(S, < T,S, < T,...,Sj-, G T,Sj> T) 
= (1 _ eeAyel emiT. 
(3) 
Let the random variable Zj be defined by Zj = S, + Sz + S, + . . . + Sj. Then it is well-known [e.g. 
1, p. 1683 that Zj has a gamma distribution with probability density function 
Liz) = %e-“‘(%zy’-’ 
(j - l)! . 
Hence, on using equation (2), and the independence of northbound and southbound flows, the 
probability that j southbound cars will pass the waiting driver before the next northbound car 
arrives at the junction is 
m n 
uj = prob(Zj < N) = ss pe-‘“‘(z)dzdn = 0 0 (5) 
after a straightforward calculation. Let us prescribe a very restricted meaning for the word “queue”: 
a queue has formed if one or more northbound cars have been brought to a halt, behind the solid 
bar labelled “0,l” in Fig. 1, by a car turning left. Then the probability that no queue forms behind 
the waiting driver is 
41 + f qj+l”j = e- 
j=l 
AT{ 1 + $1 [““;;r^‘)y], (6) 
on using equation (5). Let 0 denote the probability that a queue forms behind a left-turning driver. 
Then, summing the geometric series in equation (6), and subtracting the answer from 1, we obtain 
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We now define four traffic configurations, labelled i = 0, 1,2,3, as follows: 
Configuration 
Last car to drive over Status of 
solid bar in Fig. 1: northbound lane: 
i=O 
i=l 
i=2 
i=3 
has continued forward no queue 
is waiting to turn left no queue 
has continued forward queue 
is waiting to turn left queue 
(f-9 
These configurations are depicted schematically in Fig. 2. Since transitions between them are 
governed by two memoryless Poisson processes, we may regard these four configurations as the 
states of a Markov chain. Let P = [Pii] be the transition matrix, i.e. let pij be the probability that 
j is the next configuration if the current one is i, 0 d i, j < 3. Then, since state 2 can not be entered 
from states 0 or 1, and since state 3 can not be entered from state 0, we have poz = po3 = p12 = 0. 
Suppose that the junction is in state 0. Then northbound traffic is moving freely, the last car 
over the solid bar has gone forward, and the next state will be 0 or 1 according to whether the 
next car goes forward or turns left. after passing the solid bar. Hence poo = 1 - a, pal = a. 
Suppose that the junction is in state 1. Thus a car is waiting to turn, and traffic behind it is still 
moving freely. If it fails to turn before the arrival of the next northbound car, however, then a 
queue will form and the junction will enter state 3. Hence p13 = 8. Otherwise, the car succeeds in 
turning before the next arrival, no queue forms and the next state will be 0 or 1 according to 
whether the next northbound car goes forward or turns. We have thus determined plj, 0 <j < 3. 
Suppose that the junction is in either state 2 or state 3. Then a queue exists, i.e. at least one 
northbound car has been brought to a halt behind the solid bar. Let r be the probability that this 
queue contains precisely one car, hence 1 - I is the probability that it contains more than one car. 
Now the Poisson process for northbound arrivals restarts itself after each arrival. Hence, if 8 
denotes the probability that a queue will form behind a left-turning driver, then 8 is also the 
probability that a queue of more than one will develop from a queue of precisely one. Thus 
1 -r=Borr= I-8. 
Now suppose that the junction is in state 2. Then a car has just gone forward, and the junction 
will enter states 0 or 1 with probability r, and states 2 or 3 with probability 1 - r. If it enters states 
0 or 1, then it will enter state 1 with probability a and state 0 with probability 1 - a. Similarly for 
states 2 Gr 3. This is sufficient to determine pzj, 0 <j < 3. 
Suppose, finally, that the junction is in state 3. Then it will enter states 0 or 1 only if there is 
precisely one car in the queue and the waiting car succeeds in turning before the next arrival. 
Hence p30 + p3, = r(1 - 0). If it enters states 0 or 1, then it will enter state 1 with probability a 
and state 0 with probability 1 - a. Otherwise it will enter states 2 or 3. It will enter state 2 if the 
waiting car succeeds in turning before the next arrival, the queue contains more than one car and 
the next car goes forward, i.e. p32 = (1 - Q(l - r)(l - a). It will remain in state 3 if either: the 
waiting car fails to turn before a new northbound car arrives, regardless of how many cars are in 
the queue; or if the queue contains more than one car, the waiting car turns before an arrival but 
the next car then waits to turn left. Thus ps3 = 8 + (1 - r)(l - @a. Combining our results, we find 
0 1 2 3 
Fig. 2. Possible traffic configurations at a T-junction. An open square corresponds lo the absence of a 
“queue”. as defined in the text. States 0 and 1 may be entered only when a car crosses the solid bar in 
Fig. 1 labelled “0,l”; states 2 and 3 may be entered either when a car crosses this bar or when one joins 
the queue. 
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that the transition matrix for the Markov chain is 
l-a a 0 0 
p= (1 -W -4 (1 -@a 0 0 
r(1 - a) (1 - r)(l - a) (1 -- r)a 
(9) 
r-a 
r(1 - 0x1 -a) r(1 - @a (1 - r)(l - e)(i -a) 8 + (1 - r)(l - @a 
Let ni(n) denote the probability that the T-junction is in state i after n transitions, and let 
n(n), = (n,(n), x,(n), x2(n), ~~(n))~ be the distribution vector for the T-junction, so that am = RIP. 
Now, inspection of the matrix (9) reveals that it is the transition matrix of an irreducible ergodic 
Markov chain, i.e. one that is aperiodic with positive recurrent states. Hence, irrespective of the 
value oflr(O), the T-junction’s distribution vector a(n) will converge to a unique stationary distribution 
n(co) Ce.g.2, p. 1093. This stationary distribution satisfies the four equations X(ZI)~ = nip, only 
three of which are linearly independent; appending the equation z0(30) + nl(;c) + 
n*(m) + 7400) = 1 determines n(co). Remembering that r = 1 - 8, it is readily shown that 
B~I,(co) = (1 - e)2(i - a), &T,(co) = a(1 - e)2, 
Bag, = ae2( 1 - e)(i - a), BATS = a@ 1 - e(i - a)], 
(10) 
where we have defined 
B E (1 - Q2 + a@1 - e2(i - a)]. (11) 
Note that Blr,(co) is the product of five numbers with magnitude < 1, whereas Bnjcc) is the 
product of only three numbers with magnitude < 1 for j = 0, 1, 3. Thus 2 is always the least 
probable configuration, as confirmed by numerical results. 
From equations (10) and (1 l), we can deduce the stationary proportion D = n2(co) + n3(co) of 
configurations in which a queue exists in the northbound lane. We obtain 
D(i., p, a, T) = 
1 
(i. + j#(j. + I*e”‘) 
(12) 
l+ 
ap(e*= - l){ap2e2”’ + 2pe”‘[E. + (1 - a)p] + A2 - (1 - a)p2} 
If this quantity exceeds 6, then a left-turn lane is necessary. For fixed values of i., P and a, the 
graph of D as a function of T is S-shaped (note that D +OasT+OandD+lasT+co,though 
of course these extremes are of no practical interest). Typical graphs are sketched in Fig. 3 only 
for 0 < T < 12, which relevant values of T are almost certain to satisfy, so that only the convex 
part of the S is apparent. 
Fig. 3. Proportion of traffic configurations D in which the northbound flow is brought to a halt, behind 
cars turning left, as a function of minimum crossing time T. The fixed values of E., p and (I are for morning 
and evening rush hours at a T-junction in Tallahassee, Fla. 
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2. APPLICATION 
The junction of High Road with Hartsfield Road, in Tallahassee, Fla, is a T-junction like the 
one described above. High Road, the main road, runs north and south and Hartsfield Road, the 
minor road, runs east and west. High Road is not used excessively by large vehicles, and those 
that do use it almost never turn left into Hartsfield; thus one source of the inevitable variation of 
T from vehicle to vehicle is largely eliminated. (The other major source of such variation, namely 
the personality of the driver, can not be so easily eliminated.) 
On 10 April 1986, a normal working day, the City of Tallahassee Traffic Engineering Department 
enumerated peak-hour traffic movements at this junction. In the morning, 437 vehicles traversed 
the junction in the southbound direction and 154 in the northbound direction, of which 41 
turned left into Hartsfield. For the morning rush hour, it therefore seems reasonable to take 
i. = 437/3600 = 0.12 1, /A = 154/3600 = 0.0428 and a = 41/154 = 0.266. In the evening, 383 vehicles 
traversed the junction in the southbound direction and 337 in the northbound direction, of which 
133 turned left into Hartsfield. For the evening rush hour, it therefore seems reasonable to take 
E. = 383/3600 = 0.106, p = 337/3600 = 0.0936 and a = 133/337 = 0.395. For these morning and 
evening rush hours, D has been plotted in Fig. 3 as a function of T. For T = 6, for example, the 
model predicts that the northbound lane would have been brought to a halt behind cars turning 
left for only 8.4% of traffic configurations in the morning rush hour, but for as many as 18.2% of 
traffic configurations in the evening rush hour. Unfortunately, data for T were not available. 
3. CRITIQUE 
Though prompted by the model of Liu and Yao [3], the T-junction model developed in this 
paper represents a considerable improvement. The present model allows arbitrary values of the 
four most relevant traffic parameters; namely, southbound traffic flow i., northbound traffic flow 
p, left-turn probability a and minimum crossing time T. By contrast, Ref. [3] allows arbitrary 
values of only two parameters, namely the left-turn probability a and the probability that a 
southbound vehicle will turn right; the latter is one of the least relevant parameters. More 
fundamentally, however, Liu and Yao chose traffic configurations in which a northbound vehicle 
can turn left only after a southbound vehicle has turned right. This is clearly unrealistic, since left- 
turning vehicles could not take advantage of breaks in the oncoming flow, and would block the 
northbound lane permanently if all southbound traffic were continuing forward! (In the morning 
rush hour described in Section 2, only 53 of the 437 southbound cars, i.e. only 12%, turned right.) 
Because it is simple but very general, allowing D to be evaluated on a calculator for arbitrary 
values of four parameters which are easily estimated, this model may prove a useful tool in deciding 
whether T-junctions require a left-turn lane. If D > 6, but there is no left-turn lane, then drivers 
may try to reduce D to 6, by lowering their perceptions of the value of T, thus increasing the risk 
of collisions at the junction. Of course, a value for 6, must be supplied before the decision can be 
made, and this might ultimately involve a value judgement on the part of a traffic engineer or 
community activist. 
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